In this article, the mechanism of cilia-induced flow is discussed through a mathematical model. In this analysis two-dimensional flow of a viscous fluid is observed in a curved channel with ciliated walls. The features of ciliary structures are determined by the dominance of viscous effects over inertial effects using the long-wavelength approximation. The flow is modeled in both fixed and wave frame references. The exact solution is calculated for the velocity profile and the flow properties for the viscous fluid are determined as a function of the cilia and metachronal wave velocity. Results for the pressure rise, pressure gradient and stream function are constructed and analyzed graphically.
Introduction
Cilia are microscopic, hair-like structures that are found in almost all groups of the animal kingdom. The length of a single cilium is 1-10 mm and the width is less than 1 mm. Cilia are generally divided into two parts, namely motile or non-motile. Motile cilia or the creation of fluid flow is found in humans in the lining of the trachea (windpipe), where they sweep mucus and dirt out of the lungs [1] , and in the fallopian tube [1, 2] . Moreover, non-motile (or primary) cilia can be found in human sensory organs such as the retina (photoreceptor connective cilia), and the nose [3] . Here, we focus on ciliated cells creating fluid flow.
Cilia operate in periodic two phase patterns of effective stroke and recovery stroke that generate a metachronal wave. Ciliated surfaces can have different patterns depending on whether this wave travels in the direction of the effective stroke, called symplectic metachronism, or in the direction opposite to the effective stroke, known as antiplectic metachronism, which is in the opposite direction to the fluid motion.
Nowadays the study of the interaction between cilia and their environment is a topic of great interest amongst researchers, who have been especially motivated by the possible use of cilia-based actuators as micromixers, for flow control in tiny bio sensors, or as micropumps for drug-delivery systems. Agrawal and Anawaruddin [4] discussed the cilia transport of biofluid with variable viscosity. Barton and Raynor analyzed the mucus transport in the trachea where the metachronal wave motion has not been taken into account [5] . Studies on the hydrodynamics of protozoa that use cilia for locomotion had been discussed by Jahn and Bovee [6, 7] . Ciliary defects can lead to several human diseases. Genetic mutations compromising the proper functioning of cilia can cause chronic disorders such as primary ciliary dyskinesia (PCD). In addition, a defect of the primary cilium in the renal tube cells can lead to polycystic kidney disease (PKD). In another genetic disorder, called Bardet-Biedl syndrome (BBS), the mutant gene products are the components of the basal body and cilia. BBS is a rare disease that causes multiple organ defects and is traced to malfunctioning cilia [8] . Recently, Akbar et al. [9] discussed metachronal beating of cilia under the influence of the Hartmann layer and heat transfer. Few other important studies describing the features of ciliary motion are cited in [10] [11] [12] [13] [14] [15] [16] .
The study of curved channels has gained importance because of its physiological applications. Nadeem and Maraj [17] discussed mathematical analyses for the peristaltic flow of the hyperbolic tangent fluid in a curved channel. Another attempt made by Nadeem et al. [18] was the investigation of peristaltic flow of Williamson nanofluid in a curved channel with compliant walls. However, the study of ciliary motion in a curved channel is still unexplored. Therefore, the main purpose of this article is to discuss the fluid flow in a curved channel by the metachronal wave of the cilia. Assumptions of a low Reynolds number and long wave length are used. An exact solution is calculated for the resultant equation.
Graphical results for pressure rise and pressure gradient have been plotted for different values of the physical parameters. Finally, the streamlines for the ciliated walls are also made for various parameters of interest.
Mathematical Model
We have considered the flow of an incompressible viscous fluid with center O and radius R * . The components of velocity in radial R and axial X directions are V and , U respectively (see Fig. 1 ). The equations for conservation of mass and momentum can be written as [19] (
where , V , U ρ, P denote the velocity components in the radial and axial direction, fluid density and pressure. Keeping in mind the geometry of the metachronal wave shape, it is assumed that the envelope of cilia tips can be written mathematically in the following form: 
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This can also be taken as the equation for the extensible boundary of the flow channel. Here a, φ, c and λ denote the mean radius of the tube, the non-dimensional measure with respect to a of the cilia length, the wave speed and wave length of the metachronal wave. Based upon different patterns of cilia motion observed by Sleigh [16] , the cilia tips can be considered to move in elliptical paths such that the horizontal positions of the cilia tips can be written as
where 0 X and α define a reference position of the particle, and the measure of the eccentricity of the elliptical motion respectively. If the no-slip condition applies on the walls of the channel, then the velocities imparted to the fluid particles are the same as those of the cilia tips. The axial and radial velocities of the cilia are
Using (4) and (5) into (6), we obtain
In the above formulation of velocity components, we are able to distinguish between the effective stroke of the cilia and the slow less effective recovery stroke by approximately accounting for the shortening of the cilia. The transformations between the two frames are defined as [20] [21] [22] , , , , .
Introducing the following non-dimensional variables: 
Making use of (8) and (9) into (1-5, 7) and applying the conditions of the low Reynolds number and long wave length approximation and dropping the terms containing R e , δ 2 and higher we get the following equations:
Equation (10) shows that p is not the function of r and the boundary conditions to be satisfied can be written as 
The symmetry of the channel implies that
Solution of the Problem
The exact solution of the boundary value problem (11) to (13) is directly written as 
where the pressure gradient can be obtained from the relation
Making use of (14) in (15), we obtain a pressure gradient
The flow rate in dimensionless form can be defined as
where 
Graphical Results
In this section the velocity profile pressure gradient, pressure rise and stream lines are analyzed. Table 1 and Figures 2-4 illustrate this. It is observed in Table 1 
Concluding Remarks
In this study the viscous fluid in a curved channel by a metachronal wave of cilia is considered. The main points of the problem are given as 1. The exact solution is calculated for the velocity profile. 2. The velocity profile increases due to increase in k near the ciliated walls while, it decreases at the center of the curved channel. 3. It is observed that variation of the pressure gradient distribution get closed with increasing values of curvature parameter. 4. The trapping phenomenon shows that the symmetry is destroyed due to the increase in curvature parameter as well as cilia length parameter. 
